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Abstract 

In this note, we construct explicit SOS decomposition of A Fourth Order Four Dimen¬ 
sional Hankel Tensor with A Symmetric Generating Vector, at the critical value. This 
is a supplementary note to Paper (3[. 
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We construct an explicit SOS decomposition for the homogeneous polynomial /(x). Let 

U := (xl, xl, xl, xl, X±X 3 , X2X4, XiX 2 , X 3 X4, x 2 x 3 , XiX^) T , 

be a basis of quadratics. Then, /(x) is SOS if and only if there exists a PSD matrix C 
such that /(x) = u T Cu. Inspired by the Cholecky decomposition of C, we define the 
parameterized SOS decomposition of /(x) as follows 

10 

/( x ) = Ff f V x )> 

k =1 
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where 


9i(x) 

92 (x) 

93 (x) 

94 (x) 
9s (x) 
9e (x) 
97 (x) 
9s (x) 
99 (x) 

9io( x ) 


aux \ + ot \ 2 x \ + 013X3 + 014X4 + 015X1X3 + 040X2X4 + 017X1X2 + 018X3X4 
+ O19X2X3 + 01,10X4X4, 

022^2 "h O23X3 + O24X4 + O25X1X3 + O26X2X4 + O27X1X2 + O28X3X4 + O29X2X3 
+ O2,IOX1X4, 

O33X3 + 034X4 + O35X1X3 + O36X2X4 + O37X1X2 + O38X3X4 + O39X2X3 + 03,10X1X4, 
044X4 -|- 045X4X3 - 4 - 045X2X4 - 4 - 047X4X2 048X3X4 -|- 049X2X3 -|- 04,10X4X4, 

O55X1X3 + O56X2X4 + O57X1X2 + O58X3X4 + O59X2X3 + o 5,10X1X4, 

O60X2X4 + O07X1X2 + O08X3X4 + O09X2X3 + 00,10X4X4, 

077X4X2 " 4 “ 078X3X4 “I - 079X2X3 + 0710X4X4, 

088X3X4 + 089X2X3 + 08,10X1X4, 

099X2X3 + 09,10X1X4, 

010,10X1X4. 
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The involved 55 parameters cqj, (i < j), satisfies the following 35 equality constraints 


Vo 

2 

— a n , 

(1) 

4ui 

= 2ai±an, 

(2) 

4n 2 

= 2ano:i5, 

<7 

(3) 

6v 2 

= 2q; 11 Q!i2 + ttfcy, 

fc=l 

(4) 

CO 

= 2anai j io, 

c 

(5) 

12n 3 

0 

= 2a 11 a 1 g + 2 afc 5 afc 7 , 

fc=i 

2 

(6) 

CO 

= 2 a fc2 ttfc7; 

k= 1 

7 

(7) 

12 

= 2q'i 1 Q! 1 6 + 2 

fc=i 

5 

(8) 

6 

= 2anai 3 + ^ a^ 5 , 
fc=i 

2 7 

(9) 

12 

= 2 CXk2®kb + 2 Ctfc7«A;9, 

/c=l fc=l 

2 

(10) 

1 

= 

/c=i 

5 

(11) 

12n 5 

= 2q 11 q' 18 + 2 QifcsQifc.iO) 

fc=i 

2 6 

(12) 

12n 5 

= 2 afc20fcio + 2 afc 6 a fc 7, 

/c=l /c=l 

3 5 

(13) 

12n 5 

= 2 CVk3 a k7 + 2 QfcsCtfcQ, 

/c=l /c=l 

2 

(14) 

Av 5 

= 2 a fc2 a fc9 , 

fc=i 

10 

(15) 

6v 6 

= 2a 11 a 14 + c^fcio; 

fc=i 

5 7 9 

(16) 

2Av 6 

= 2 ftfc5 Q fc6 + 2 a^Qfcs + 2 afc 9 afcio, 

/c=l /c=l k= 1 

3 

(17) 

4n 6 

= 2 «fc3 Q fc5; 

fe=l 

(18) 
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4u 6 

= 2 0^20^6; 
k =1 

2 9 

(19) 

6v 6 

= 2 ^ afc2«fc3 + ^ Oil 9) 

fc=l fc=l 

4 6 

(20) 

I2v b 

= 2 Otk^kl + 2 «fc6 a fcl0; 

fc=l k= 1 

3 5 

(21) 

I2v b 

= 2 «fc3 a fcio + 2 Qikb a ksi 

k =1 /c=l 

2 6 

(22) 

I2v b 

= 2 «fc2«fc8 + 2 OlkoOLkOi 

k =1 /c=l 

3 

(23) 

4v 5 

= 2 oikzoiko-, 

k =1 

4 8 

(24) 

12 

= 2 0^40^5 + 2 «fc8 a fcl0; 

/c=l /c=l 

2 6 

(25) 

6 

— 2 ^ Oi k2 oiki + 2 ^ a^ 6 , 

fc=l /c=l 

3 8 

(26) 

12 

= 2 0ik30ik6 + 2 OLksOLkOi 

k =1 /c=l 

3 

(27) 

1 

= E°«, 

k=\ 

4 

(28) 

CO 

= 2 Q!fc4Q!fclO) 

fe=l 

4 6 

(29) 

12^3 

= 2 OikAOtkO + 2 OCk6 a k8, 

k =1 /c=l 

3 

(30) 

CO 

= 2 0i k 30ikS, 

k=1 

4 

(31) 

Av 2 

= 2 afc4«fc6: 

fc=l 

3 8 

(32) 

Qv 2 

— 2 ^ «fc 3 «fc 4 + 2 ^ a^ 8 , 

/c=l /c=l 

4 

(33) 

Avi 

= 2 yy «fc4^fc8) 

k =1 

4 

(34) 

Vo 

= £<• 
fc=i 4 

(35) 


Giving fixed v 2 ,vq,vi,v 3 ,v^, we denote Mi{v 2 ,vq,vi,v 3 ,v^) as the minimum of the fol¬ 
lowing optimization problems: 


Mi(n 2 , v 6 , vi, v 3 , v 5 ) := min v 0 

s.t. equality constraints (TTh- Q35]l . 

By simple algebraic derivation, we have the following theorem. 


(36) 


Theorem 1 Suppose that the assumptions (2) and (3) in hold. Then ifv 0 > Mi(v 2 , v 6 , V\, v 3 , v 5 ), 
A is SOS and 
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/( x ) =5Z?fc( x ) 2 - 


k =1 


Thus, M 1 (v 2 ,v 6 ,v 1 ,v 3 ,v 5 ) > M 0 (v 2 ,v 6 ,vi,v 3 ,v 5 ). 
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